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SUMMARY

A method 1s presented for assigning a
given fleet of several different types

of alrcraft to carry an anticipated
traffic load over several routes at
minimum cost. The problem illustrates

the application of linear programming

teo transportation problems of this general
type.
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THE FROBLZM OF ROUTING AIRCRAFT -- & MATHEMATICAL 3,LUTIOAN
As.8n He Ferguson
George B. [mntzig

Mathematica. teciniques for the so:ution of many practical economic and

orerationa! problems have been developed very rapidly in recent years, stimu-
ated in large part by the demands that Wor.d War 1] made upon military plan-
rners. 2 w7 ir portion of these new techniques, having basica .y simi.ar math-
sxatical characteristice, ie called linear programming. Some types of trans-
pertation prob.ems have been subjected to this kind of analysis cver a period of
severai years, ¥ and useful resu.ts have been obtained.

The purpose of the present paper is twofo:d. We want tc present and explain
a nethcd for aseligning a given fleet of several different types of aircraft t>
carry ¢1 anticipatad traffiec load over several routes at minimum cost. Secondly,
we wish to illustrate the application of linear programming to transportation
problems of this general type.

The problem which has been chosen, while simpler than the routing probiem
faced by an airline, is reasonably realistic. Much-more comp.icated problems
can be handled with basically the sams techniques. However, they would not
serve the present iilustrative purposes.

Tne folloewing problem has been chosen: A fixed fleet cf four types of air-

p.ianes are to carry passengers over five routes. Ths objective is to develop a

*» See references at end of paper for iuformation regarding theory and appiica-
tion ¢f 'inear programming.
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route pattern. for the fiset which minimizes the cost of performing the trans-
portation temanded, considering lost revenue as being equivalent to a cost.

Four types of airplanes have been used: Type A representing a post-war
four-engine airpiane, Type B representing a post-war two-engine airplane,
iype C representing & pre-war two-engine airpiane, and Type D representing a
pre-war four-engine design. Variable costs per hour and per landing-take-off
cycle mve bean roughly estimated to reflect the differences in out-of-pocket
cperating costs for the types of aircraft used.

The virious types ars assumed to operate at different speeds and to carry
different loads on any given route. It is also assumed that certain types of
aircraft cannot, because of rang® limitations, operate on particular routes, and
further that soms types o¢f aircraft cannot carry their full payload on certain
other routoufy/To introduce a further eiement of heterogeneity into the probiem
it is assumed that the utilisation obtained by each airplane type varies from
route to route. I is assumed that on the two transcontinental routes 300
hours per month per airplane are obtainable. On the Dallas route 285 and on
the Boston route, 240 hours per month are assumed.

In this way we have set up a problem which, we hope, incorporatas emnougnh of
the actual problems of routing to be interesting and one whose optimal solution
is not obvious by inspection, while preserving enough simplicity to permit solu-
tion without large computing machines.

The assumed traffic demand and characteristics of the fleet and routes are

showri in Tables 1 and 2.

1/ Specificaliy it is assumed that Type C cannot fly either Route i or Route 33
and Type B cannot fly Route l. Also Type B 13 assumed to operate at 75 per cent
of ful! payioad capacity on Route 3 and Type D is assumed to oporate at 80 per cent

of full pay.cad capacity on Route 1.
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«Sk=
JABLE 1t ASJUMED AIRCRAFT PIEET AND TRAFFIC
Alrcraft on Hand Jl: Traffic Load
Number of Rout
|_Type Number Route Puungorn-l-/ Mies
A 10 i. N.Y.~L.A. (1 stop) 25,000 2,475
B 19 2. N.Y.-L.A. (2 stop) 12,000 2,475
¢ 3 . N.Y.-Da.!as (O stop) 18,000 1,381
D 15 L. N.Y.-Daiias (1 stop) 9,000 1,439
j 5. N.Y.-Boston (O stop) 60,000 185

i/ This is the anticipated number of full one-way trips per month to be carried
on each route. If a passenger gets off en route and is rep.aced by ancther passenger,
it is counted as one full trip.

2/ Officia’ Adriine Guide, July .954, p. 276. The N.Y.-los Angeles routes are via
Chicago and via Chicage and Denver; the stop en route bstween ilew York and Dali.as
is at Mamphis.
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f TARLY 2A% ASSUMED VARIABLE CC3TS FSR PAS3SENGER=-M1!E
(units = $.001)
New York New York New York New 'E'-;n New York
to to to to to
- Los Angeles Los Angeles m]llas Dal s Bos*non
(=S*top 2-3cps O=-3top 1-Stop O-3top
A L.5 5.7 4.5 Le7 6.4
3 —~—— 6.4 8.3 6.3 a.8
< ——— 902 — 9'3 ll'J
D T4 6.. 5.9 6.2 8.!
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‘ TABLZ 2B:  ASSUMED VARIABLE COSTS ANU YASSENCER CAPABILITIES
\ PER ATHCRAPT PEIl MONTH
k4 .
: !
\ loute New York i New York New fork New York New York |
to to to to to
Aircraft.\_ "ce Angeles Los Angeles Dallas Dailas Boston
v1e s 1-Stop 2-Stops 0-3top 1-8tep 0-8top
~n  Passengare(00) 1¢ 15 28 23 el
Costs {J000) .2 2] 18 16 i
4  Fassengers(00} “ 10 x4 i5 57
Costa(&000) 15 i6 14 g
c Puaaengmn%OOJ * 5 " 74 29
Costs($000) 10 g 6
U  Passengers (00) 9 1l 22 17 55
. Costs(§000) 7 16 17 15 10
[ ]
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recapitu.ate, the prov.em is to enp.oy ir an optima. fashion a fleet of
£9 aircraft of feur tynes to carry a tota. or .24,000 passengers psr month over

five routes.

The sclutior is iﬁcnm; ishel in a simp.e mechanica faghion which in this
case livo.ves four approximations and the fina' solution. Zaczh approximation
ambodies L= I~llowing steps. A blank table is eet up showing initiaily only
the fles' »f aircruft, the routes, and the passenyer demand (in hunireds) on
eact romte L. uiven in Tab.e . [hen using Table 2, alrcraft ars assigrei to
sacii route unti. weithar all aircraft in the fl!eet are amployed cr a. passengers
wishing to trave. are served. Then (as wi.. be explained in a moment) the system
is "costed™ in implicit values or "shalow prices" and examired for situations
in which a shift of aircraft between routes wouid reduce the costs. This process
is repe~ted urtil no further opportunities for econamizing remain. The resuit-
ing set of va'ues can be proven to be optima..

To {llustrate in detaii: Table . shows the iemani on each route and the
ajircraft available tc satisfy that demand. Tab.e 2A showe which aircraft are
most economical on ez~h route. It will be noted that Type A is most economical
in cost per paszanger-miie on all roates. Hence, it was decided to allocate them
first. + ..o since they ars a !ong range airplane, they were assigned (Table 3)
first to Houte 1. The ten Type A's would, under our assumptions, carry iess than
the 25,000 passangers per month anticipated for that route. Hencs,
more a‘rcraft ars assigned, namely, enough Type O's (ihe only other airplane
assumed capable of fiying the rcute, to carry the remaining passengers. Table 3,
thus, ahows ten A's and ten D's ussigned to the N.Y. = L.A. one-stor route.

Moving to Route 2, Type D is found (Table Za) to be the most ecoricical
of the three types still not entirely committed. Therefore, the resaining five

[o

~re assigned to that route and the remaining passengers are to be carried in



- TABLE 3t FINST APPROXIMATION
i lioute New York hew York lvew Tork New York
™~ Lo to L to
nircraft™_ Los Alpo.es Los Ange.es Jallas Da.. as Boston
Type 2=3tops 0-8to; L=3Lap U-3vop
A
i
B 6.5 1245 ,
c 12.8 | iBa2
D 10 5
Usfizit
(Passengers 5 246
hundreds )
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.¥pe #'s Lhe mors euoromica. o the two Lypes sti aval.ab.e. "hus Tab.a 3
gliws c.f D's oand D 2's on the LY. = LiA. two-stop route. alrcraft assign-
merts (such as ¢ .5 B's; need not cume out ir who.e numbers since, for examp.e,

+5 B's is to be interpreted as assigr.ing oue aireraf. tc “he routm for one-halfl
a monthe.

Turning Lo loute 3, there are nc A's or ('s .efi for assignment erd the C
is, by assumption, not capable of flying the route. Thersfcre, the remaining
1<e5 Jype Bis ure assigned to houte 3 and they accomodats al. but 400 of the

2,000 rasseny=-s iesiring to {ly the r ute.

Uiy Type C's remain. 12.8 are aasigne! to itoute 4, and this i: adequate
for the §,000 passengers per month demanding travel on the route. The ramain-
ing 2.2 of that type are available for Route 5, but they ars incapablas of
carrying all the N.Y. - Boston traffic, and 24,00 passengars per month are

aft unserved.

Note that the entire f.cet of 6% aircraft are conmitted and that except
o thie N.Y. = Boston gun the passenger demand is essentially filled. Further,
a.though airplanes rave been assigned in a very simple and somewhat arbitrary
fashion *he assignuoent is not obvious.y absurd: The longest range aircraft are
assigned to the longest haul, the N.Y. - lLos Angeles routes. The routes with
the shortest critical legs have on.y Type C's. The N.Y. = _.A. two-siop ani
‘'@ N.T. = Dm..as no-stop routes with sudbstantial.y equa. critical Zegs have
midd.e range [ype C's and, on [oute 2, U's.

Now the question is wheth~r this is the best solution. If in any case
costs of ihe who.e system can be reduced by shifting a;rcrarn between routes

the sclution is not optimal. To determine whether this is the case, the firsi
tentat.ve soluticn must bs "priced out", and each of the activitiass to which

no aireraft are assigned must be cleckei to determine whethsr their irntroduction

{nto the sc.ution wouid resu.t in any economies.
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‘he preceliure £ or determining whether o jarticu. ar set. »f activities

-

o]

is ptimal nay, u;-on firs' reading, sound rather comp.ex, but it can be
ione by inspactinn very jickly for a saa.. prob.ex suct, as the one under
discussior.

The process can best be explainad by reference to Table 4-A. Hach
ce.. nhas three entrias (zeros are represented by b.anks). In the upper
iaft corrcx 2 gach cel. im the number of glrcraft assigned to the activ-
ity (fram Tible 3); in the center is the nunber of pussengers (in hundreds)
which one alrp.ane of sach type can carry <. that route (from Table 2).
In the bottom row is ihe monthly variab.e cost (in thcusana of dollars)
per aircraft assigned to the route (Tabie 2b). Thus the upper left ce.l
indicates that ten Type A's will be ai.oted ‘c Route . and that each will
carry 1,600 passsngers per month at a (variable) cost of $18,000. It
wil. be convenient to dencte the three entries in any row i, and in any
column j, by the symbo!s.

X No. of Aircraft
iJ( )

piJ (10C's passangers/Mo./A.C.)

c1J (Cost, .,000%'s dollars/Mo./A.C.

The variable cost of performing each activity, C‘J, is arbitrarily

-

divided into two sets of imp.icit values, which may be construed to be the

cost per airpiane, Uy, coiwan (7) and the cost per passenger, v , row (6).
J

The ui's may be coneliered as being the implicit opportunity cost of
operating the 132 aircraft on any route and the v*'s the cost of transporting

a passenger on the seh route by any airj.ane. The determination of the

o

assizned values of the v'a and u's follows certain eimp.e ruies. Irn the

firat place the u,'s corresponding to surplus aircralt coiumn (7) are

s

always O, A.l other u 's are ietermired through the equations

-
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e
S, PE 4 VY. C whiere .y those |2 i, o mbinations ure usedl that appear
: ¢ i J ’ [ &
i tiat particue ar ass.;rment of aipcraft which is heins costei. From Tab e 3

o e o s
r 4, the pemissib'e coublnations are (i, ., (4, ), (£,2), (4,2),

(Famidy £3,5), (5,5 hence, u_ ¢ pSGV‘ = ¢, may be written
s - 7 P
G- Vr -
s
K v = |

v a4 siind ar fashlon vy May be found Lo equal 7. 3ince Lhare is only one
in tie fifth co um to which aircraft are assipgned a1 since the value of
v, has beer lste:rtined it is possible simpiy to ascertain trez vaiue of u3,

U, =

3

%

c =-p v,
35 35 9
6 =29 2223

l;a
"3
it

fnowing u, it is possib.e to obtain the va.ue of vL by solving for it

3
with the data in ce.. (3,&). In a eimi!ar manner it is possible to determine
the implicit costs ("shadow prices™) in sach cell.s

For the particular apprcximaticn shown in Table L the values of the

u's and v's are, as shown in c¢oiumn 7 ani row é:

u, = ~i7 ¥ - 12
u, = - 82 v, = 9."
U3 z = 23 vy = 7
u, == 91 v, " 4.6
Ug = 0 g = ]
vg = 0

Using these vaiues it is pcssib e to Jetermine whether the introducticn
of any cell into the sclutivn would increase the efficliency of the operation.
In the ~vent that for any ce.. the va.ues (u1 + piivj)’ comput.ed s described,

exceed the costs (ciJ) it is e¢conamica.i to introduce that ceil. For the cel]

s/ It is not necessarily true that in all cases a row or co.'mn can be found in
which only one remaining unknown appears. 3ituati ns mey be enccuntered in which
there are two unknowns with two equati ns which have to be solvad.
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.92, it can La seern by lrapection Lhat this iy rol the rase, (-.7L + .5x5.7<2i),

arnl 80 or for the rest of *he rirst row. .-L unti. we cuma %~ the fourtr row

‘9 it possibie t. intr.juce a new activity 1. ce.. (4,3). Thers, the impiicit

vaiues are =Yl ¢ 2J°7 whoc consilerabiy exceels tre cost of € = 7. In fact
)

the difrarence of 45 (thousand lo. .ara) re; -esents the recrease in cost that
wi . be acheived I{ one Tyre . can be devoiedl Lo the N.Y. - Jallas run and the
cora..ary adjustments made in accorda:ce with the requ!rements »f the prob.em.
Tt wenld alsv ve profitab.a t- introduce ce.: (4,4) d nce its impiicit va.ues
Stal &7 as cotpared with 3 cost of .5. There is no other upporturnity Lo
introduce any activities at ¢ profit.

Sirce ceil (4,3) pronises the preates. possib.e saving per unit we sha.l
introduce it. 1t is rniot a.ways desirsb .« L. introduce the ce.. vhich promises
the greatest saving, but this is frequent.y a grod juide. In any case where
fam! iarity with the characteristics of the industry ir questiorn inlicates thrat
on common sense grounds sone celii with an indicated =-.irng .ess than the greatest
is a more reascrable charpge in the existing set it may be we.! to try it. Such
a procedure may resu.t :: a reiuction i: the nundber of iteraticns required to
attain an optimum soiution.

Refer to Tabie L-B. How many w.its (aircraft) shcu d be assijmed to cel!
(L,3)7 Let X - @ be the number of alrcraft Lo be introilucei. If & Type uU's
are introduced intc ceil (4,2) these aircraf! must come frum other activities
used in the initiai asgignment =-- that is, by adjusting the values of xll, xhl,

X ,X ,X ,X ,X ,X ,X . Fromthe firet column with X = 0 it
2 L2 23 ¢ Sk oo 7

followe ¥ = .2 .o cariy the 250 (hundred) passengers, and hence it follows that
XLZ = 5 -0, This in turn requires, in order to serve the 120 (hundrea) passen-

gers on route 2, that additiora. aircraft be assigned tc route 2 {ran some
other source, i.e., by increasing the aircraft assigned to cel! (2,2). To

proviie the same passenger capacity in 0's as has been withdrawn in 2's it

is necessary {(under our agsumotlons) tc add l.ie B's, ‘These, in turn, must



Come fruoa ce.. (Z,7). The final aijustment is in ce.. (5,3) which foilows from
the known adjustments !n (2.3) an.l (4,3) an. the fact that the passangers
carriel b; the B's and ('s on route 3 p.ns those turned away must add to 180.

[he fina. step in this iteration i{s to Jetermine the value of xL3 = 6. Since

there wi.. be a savings of ;45,000 for easch unit increase in X _, we shall make

L3
tle assignment of aircraft to cel. (4,3) as .arge as possible oconeistent with
the ouvious condition that the adjusted ass{ynments in the other cells are nst
regative. Far ve:y large H, the assigiments 1n (2,3), (4,2), (5,3) woula be
regative and is ciear that the first cell to go negative with increasing @ wiil
be cell (5,3). Tharefore, Lie maximuw vaive that 3 car have is that which pro-
vides sufficient additional capacity to carry 5 (hundred) passengers or route 3
when 6 U's are added and ...8 B's are removed from the route. The value of 8
is 4/\¢.6; = .7% For this assignment the vaiue of 153 vanishes. However,
the number of assigried wlues remaining are again 9. (Nine corresponds to four
aircraft equations pius five passenger equations).

Enter into Tabie 5 in the upper left hand corner >{ each ceil the value of
xaj i3 ™ ® = .75 in Table 4. Leave entry 153 blank as
well as other unassigned ceiis. The first iteration is now completed.

obtained Ly setting X

In a simi.ar fashion it is possioie to continue iterating as shown in
Tab.as 5, 6, 7, and 8 until] no cel.s offar an opporturnity for further economy
by introducir: them into the solution. It can bLe shown rigorously that this
is an optimum solution. I the present case an optimum was obtained after
five iierations Tha molution is presented in Tab'e 8.
It is interesting to campare the original approximation (Tab.@ &; with
the fira. solution (Tabie 3). It is to be noted that the rcute with the lougest
stagas (L.A. = N.Y. .-stop) is served only by the L-eigine airplanes, Type a's

and O's in both the first approximation and the so.ution. A significant change

LY



fiag beel Luie, however, in the L.7. - ... _-~-stop rovte. In the first approx-
ration thia route is serve! oy ¢. *s and .o u¥s. In the so.ution,

no J's are used on this rouvs, ing . e C%s and B ''s are used. The D's
have bee:n translerrei Lo Lie lew V - s U=stop route, al.owing a

reduction ir “ae 3's oHn tnpat route w.. tnefr treosafer Lo the tiew York - Ug..as
.=811 ] route. T3 .allar r ute, in turn, in the 1., soiution is being served
by Tyie B's axc.ugi.e.y rather thar axc.usive.y by .'s as in the ori ‘nal set.
A . thess transiers irn effec: a..ow an increase in the C's on joute 5 from
~«.2 in the original to .7.2 in the .ptima. ~cheile. Consequent.y, the number
of passengers not serve. on the liew Yorrk - sston route is reduced fron 246
(Frnired) ¢ (0 (hundred). Similar.y the vasser.er iaficit on loute 3 has
bean e.iminated. .

Although iitt.e would be adued to this exposition by leseribing the
intermediate iterations in detai! it may be interesiing to review Tables
5 through % which describe them. Jach iteration resuits in a reduction of
costs as foliows:

Total "Variab.e Costs"

first Set | . Y927 4,000
Second Set 1,160,000
ihird Set 1,288,000
Fourth Sel 1,022,000
FifLh Set U, 00

‘he tota. Javings then amount to [197,000.
I+ is possible for a person with same jractice to perform each of the

tverations in this problem ir a matter of 4 few minutes. OSome =xi. . in such

yperaticns car be gained through practice and the use of a map. Some fudlclous
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gFuessing a8s to the moat nearly Hptimasr se sctior of the first set can reduce
the number of iterations required, the exercise of commor. sense in selecting
the cel.s 1o litroduce in tne proceas of iterating usual.y hus the same resu't.
Considerably more ccupiicated prob.ems including more restrictions which
provide greate. reailsm can be handled with computing equipment, but this
simpie soiution vy i‘nspection provides a useful method of handling sma.l

problems in *r..sportation with a heterogeneous f.iccl of vehicies.
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